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A sequence  of  nes ted  n e i g h b o r h o o d s  of the s t ruc ture  invar ian t  q~ = ¢Ph + ¢Pk + tp, + ~Om + q~n is der ived.  
Each  n e i g h b o r h o o d  is a subset  of the succeed ing  ones  and  consists  of  the small  n u m b e r  of  s t ruc ture  
factor magnitudes IEI upon which, in favorable cases, the value of ~o mostly depends. 

1. Introduction 
Although the neighborhood concept was introduced 
only a year ago (Hauptman, 1975a, b), its important 
role in identifying the small set of magnitudes IEI on 
which the value of a given structure invariant or 
seminvariant q~ mostly depends is now firmly estab- 
lished (Hauptman, 1976; Green & Hauptman, 1976). 
In the present paper a sequence of nested neighbor- 
hoods of the five-phase structure invariant q~ = ¢Ph + ¢Pk 
+qh+q~m+CPn is obtained. In subsequent work the 
related probability distributions are derived, and 
these in turn lead to explicit estimates for q~ in terms 
of magnitudes ]El. In the accompanying papers 
(Fortier & Hauptman, 1977; Hauptman & Fortier, 
1977) the conditional probability distribution of ¢p, 
given the 15 magnitudes in the second neighborhood, 
is derived for the space group P1. 

2. The first neighborhood 

Let h, k, 1, m, n be reciprocal vectors which satisfy 

h + k + l + m + n = 0 .  (2.1) 

Then the linear combination of phases 

(-~ = (~h + ~ k  -~- (~! -I- (~0 m -~- (Pn (2.2) 

is a structure invariant. In analogy with earlier work 
(Hauptman, 1975a, b) the first neighborhood of q~ is 
defined to consist of the five magnitudes 

IEhl, IEkl, lEd, IEml, [Enl, (2.3) 
shown schematically as the first shell in Fig. 1. [Also 
see Schenk (1975) for the identity of the first two 
neighborhoods.] 

3. The second neighborhood 

Assume that the six magnitudes 

IEhl, IEkl, lEd, IEml, IEnl, IEh+ul (3.1) 

are all large. Then it is known that the structure in- 
variant 

~Dh -lt- (~k -~- ~D _ h _ k "~ 0 . (3.2) 

Fig. 1. A sequence of nested neighborhoods for the five-phase struc- 
ture invariant t# = q~h + q~k + tp~ + q~m + q~°. The reciprocal vectors 
h, k, I, m, n, p, q, r, s, t, u satisfy h + k  +1 + m  + n = h + k + l + p + q =  
h + k + i + r + s = h + k + ! + t + u = 0, but are otherwise arbitrary. 
In the applications it is best that [Ehl, IEkl, lEd, IEml, IE°I, IEpl, 
IEql, IE, I, IE,I, IEtl, IEol be large. 
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Also (Hauptman,  1975a, b), according as the three 
magnitudes 

IEl+ml, ]El+hi, [Em+.l (3.3) 

are all large or all small, the structure invariant 

q) l  "Jr" q ) m  -Jff q ) n  71- q ) h  + k " ~  0 or re, (3.4) 

respectively. Addition of (3.2) and (3.4) then yields 

(,O h + (,O k -Jr- q ) l  -It- (Dm -~" q ) .  ~ 0 o r  7c (3.5) 

in the respective cases. In this way rows 1 and 11 of 
Table 1 are obtained. In a similar way the remaining 
rows of Table 1 are found. 

Inspection of Table 1 shows that certain rows are 
mutually reinforcing. Thus rows 1-10 of Table 1 are 
combined to yield the first row of Table 2. The second 
row of Table 2 is obtained by combining the rows 
11-14 of Table 1 which are mutually reinforcing; the 
seventh row of Table 2 is obtained by combining 
rows 11, 12 and 15 of Table 1, etc. Thus the second 
(15-magnitude) neighborhood of q~ is obtained by 
adding to the five magnitudes (2.3) of the first neigh- 
borhood the additional ten magnitudes 

IEh + kl, IEh + iI, IEh + m[, IEh + hi, IEk + II, 

[Ek+ml, IEk+nl, IE.+m[, IEl+n], IEm+nl, (3.6) 

shown schematically as the second shell of Fig. 1. 
Furthermore, the value of ~0 is probably 0 or r~ in 
accordance with the entries of Table 2. 

is a structure invariant and, in view of (2.1), 

m+n--p-q=O (4.3) 

so that 

[Ppq = q ) m  "I" (~0 n - -  ( p p  - -  q ) q  (4.4) 

is also a structure invariant. In view of § 3, q~ is esti- 
mated by means of the 15 magnitudes (2.3) and (3.6) 
in its second neighborhood, q~pq by means of the 15 
magnitudes in its second neighborhood, 

[Ehl, IEkl, IEl[, IEpl, IEql; 

[Eh+kl, IEh+d, ]Eh+pl, ]Eh+q[, [Ek+,], 

IEk+pl, ]Ek+q[, IEa+pl, ]EI+ql, ]Ep+q], (4.5) 
Table 1. The probable values of  the structure 

invariant q) = Oh + qOk + q)~ + Cpm + q). ; L means large, 
S means small 

, Magnitudes IEJ ' 

t 

1 0 L L L L L L L L L 

2 0 L L L L L L L L L 

3 0 L L L L L L L L L 

4 0 L L L L L L L L L 

5 0 L L L L L L L L L 

6 0 L L L L L L L L L 

7 0 L L L L L L L L L 

8 0 L L L L L L L L L 

9 0 L L L L L L L L L 

10 0 L L L L L L L L 

11 ~ L L L L L L S S S 

4 .  T h e  t h i r d  neighborhoods o f  t h e  structure 12 ~ L L L L L L S S S 

invariant q~ = q~h + ~ k  "~- ~[~l "t- t[~m "4- ~ n  13 ~ L L L L L L S S S 
14 = L L L L L L S S S 

Let p and q be arbitrary reciprocal vectors satisfying ~s , L L L L L s s L s 
16 ~ L L L L L S S L S 

h+k+l+p+q:O. (4.1) 1.7 ~ L L L L L S S L S 

Then 18 ~ L L L L L S S S L 

19 ~ L L L L L S S S L 

q)pq = (#Oh -~- (~Ok -~- (P l  -Jr- q ) p  -~- q ) q  (4.2) 20 . L L L L L S S S L 

Table 2. The probable values of  the structure invariant (p --- ~Oh + Ok + (D! + (Pm + (Dn, given the 15 magnitudes 
in its second neighborhood; L means large, S means small; obtained by combining reinforcing rows in Table 1 

' Magnitudes [g[ , 

Rows o f  Table i @ h k t m n I ~I ~I ~I ~l [ ~I ~I ~I 

I - I 0  0 L L L L L L L L L L L L L L L 

Ii, 12, 13, 14 ~ L L L L L L L L L S S S S S S 

ii, 15, 16, 17 ~ L L L L L L S S S L L L S S S 

12, 15, 18, 19 ~ L L L L L S L S S L S S L L S 

13, 16, 18, 20 s L L L L L S S L S S L S L S L 

14, 17, 19, 20 ~ L L L L L S S S L S S L S L L 

11, 12, 15 ~ L L L L L L L S S L S S S S S 

11, 13, 16 ~ L L L L L L S L S S L S S S S 

Ii, 14, 17 ~ L L L L L L S S L S S L S S S 

12, 13, 18 ~ L L L L L S L L S S S S L S S 

12, 14, 19 ~ L L L L L S L S L S S S S L S 

13, 14, 20 ~ L L L L L S S L L S S S S S L 

15, 16, 18 ~ L L L L L S S S S L L S L S S 

15, 17, 19 ~ L L L L L S S S S L S L S L S 

16, 17, 20 ~ L L L L L S S S S S L L S S L 

18, 19, 20 w L L L L L S S S S S S S L L L 
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and, from earlier work (Hauptman, 1975b), @q is 
estimated in terms of the seven magnitudes in its 
second neighborhood, 

IEm], IEnl, IEoI, IEql; IEm+nl, [Em-p], IEm-ql • (4.6) 

However, from (2.2), (4.2) and (4.4) it is clear that the 
following identity holds: 

(p - (ppq - ~pq = 0. (4.7) 

It is therefore to be expected th,qt in the favorable 
case that the 15-magnitude estimatc, for ~o and q~pq, 
and that the seven-magnitude estimate for O p q  yield 
values for (p, q~pq and @q in accord with (4.7), then q) 
will be well estimated in terms of the 37 magnitudes 
(2.3), (3.6), (4.5) and (4.6), of which only the following 
25 are distinct: 

IEh], IEkl, lEvi, [Em[, IEnl; 

IEh + kl, Igh + hi, IEh + ml, [Eh +,,1, lEg + 11, 
]Ek +m], lEg +nl, I E, +ml, Ig~ +n], [gm+nl; 

IEp], ]Eq[, IEh+p[, IEh+ql, IEk+pl, ]Ek+ql, 

]E,+pl, ]El+q[, [Em-pl, IEm-q[. (4.8) 

Hence the third (25-magnitude) neighborhood of q) is 
obtained by adjoining to the second (15-magnitude) 
neighborhood (2.3) and (3.6) the additional ten magni- 
tudes shown in the third shell of Fig. 1, 

lEp[, IEq[, [Eh+pl, ]Eh+q[, [Ek+p[, IEk +q[, 

IEl+p[, [El+q], [Em-pl, [Em-q], (4.9) 

where p and q are arbitrary reciprocal vectors satisfy- 
ing (4.1). Hence there are many third neighborhoods. 

One naturally anticipates that the conditional vari- 
ance of the structure invariant cp, given the 25 magni- 
tudes in its third neighborhood, will be particularly 
small if it should happen that the two 15-magnitude 
subsets and the 7-magnitude subset of the third 
neighborhood which are the respective second neigh- 
borhoods of the structure invariants cp, Cppq, ~bpq yield 
reliable estimates for the latter in accord with the 
identity (4.7). Thus, only those estimates are useful for 
which IEpl and [Eq[ are both large, where p and q 

satisfy (4.1). Table 3 illustrates the particularly favor- 
able case that (row 1) 

q0 -~ (pvq ~- @q -~ 0 (4.10) 

or (rows 2-5) 

(p '~ q)pq ~ :rc, I ] l pq~ O (4.11) 

[both in accord with (4.7)-] when it is expected that, 
with high probability, q~=0 or r~ in the respective 
cases. 

5. The fourth neighborhoods of the structure 
invariant q~ = ~4)h + q)k -I- 91 4" (I)m + q)n 

Proceed as in § 4 and denote by r and s two reciprocal 
vectors which satisfy 

h + k + l + r + s = 0  (5.1) 

so that 

q ) r s  = (/Oh -~- ( ~ k  21- q ) l  + (/Or -1- ( ~ s  (5.2) 

is a structure invariant. Now it follows from (2.1), 
(4.1) and (5.1) that 

m + n - r - s = 0  (5.3) 

and 

so that 

and 

p + q - r - s = 0  (5.4) 

~ l  r s = q)  m "71- (P n - -  (P r - -  q)  s (5.5) 

~ r s  = ( t i p  "-~ q ) q  - -  ( P r  - -  ( P s  (5.6) 

are also structure invariants. The invariant ~o,s is ap- 
proximated by means of the 15 magnitudes 

IEhl, IEkl, lEd, IE, I, IEsl, 

[Eh+k[, [Eh+d, [Eh+r[, [Eh+d, ]Ek+d, 

IEk +rl, IEk +~1, [El+,[, IE,+d, IE,+sl, (5.7) 

in its second neighborhood, ~'rs by means of the seven 
magnitudes 

IEml, IE, I, IE, I, IEsl; IEm+nl, IEm-rl, IEm-d (5.8) 

Table 3. The probable values of  the structure invariant q~ = q)h + Ok + (P~ + (Pm + q)., given the 25 magnitudes 
in its third neighborhood; L means large; S means small 

Magn:I.tudes I E I l 

0 L L L L L L L L L L L L L L L L L L L L L L L L L 

L L L L L L L S S L S S L S L S L L S L S L S L L 

L L L L L L L S S L S S L S L S L S L S L S L L L 

"~ L L L L L L L S S S L S S L S L L L S L S L S L L 

L L L L L L L S S S L S S L S L L S L S L S L L L 
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in its second neighborhood, and X,s by the seven 
magnitudes 

IEpl, IEq], [Er[, [Es[; Igp+q], IEp-rl, Igp-sl (5.9) 

in its second neighborhood. Now, in addition to the 
identity (4.7) there are the two additional identities 

qo- q0,s- ~%- 0 (5.10) 

and 

(jO pq - -  (])rs - -  ~(rs ~ 0 (5.11) 

which must be satisfied. Hence, in view of (5.7)-(5.9), 
the fourth (37-magnitude) neighborhood of ~o is ob- 
tained from the 25-magnitude third neighborhood 
(2.3), (3.6) and (4.9) by adjoining the additional twelve 
magnitudes shown in the fourth shell of Fig. 1, 

Igrl, Igs[, IEh +rl, IEh +d, Igk +rl, lEg +d, Igl+~l, 

IE~+sl, ]gm-r], Igm-s], ]gp-rl, ]gp-s], (5.12) 

where r and s are arbitrary reciprocal vectors satisfying 
(5.1). Hence there are many fourth neighborhoods, but 
only those are useful for which ]grl and [Esl are large. 

many fifth neighborhoods; but only those are useful 
for which let[ and [Eul are both large. 

One continues in this way to obtain the sixth (67- 
magnitude) neighborhoods, etc. The first five of this 
sequence of nested neighborhoods are conveniently 
exhibited in Fig. 1 in which the five magnitudes of the 
first shell define the first neighborhood, the 15 magni- 
tudes of the first two shells the second neighborhood, 
e t c .  

7. Concluding remarks 

A sequence of nested neighborhoods of the quintet 
invariant cp has been obtained. There remains the task 
of deriving the associated conditional probability dis- 
tributions and corresponding estimates for cp in the 
expectation that as more and more magnitudes IEJ are 
used the potential for obtaining more and more reliable 
estimates will be increased. In the accompanying 
papers (Fortier & Hauptman, 1977; Hauptman & 
Fortier, 1977) this task is begun in the space group 
P1 for the second neighborhood. It remains to derive 
analogous distributions in the remaining space groups 
and for the higher neighborhoods. 

6. The remaining neighborhoods 

One continues as in §§ 4 and 5 to derive the fifth and 
higher neighborhoods of cp. Thus the fifth (51-magni- 
tude) neighborhoods are obtained from a fourth (37- 
magnitude) neighborhood by adjoining the 14 ad- 
ditional magnitudes 

IEtl, IEul, IEh+tl, IEn+ul, IEk+tl, IEk+,[, 

]El+t[, [Et+RI, [Em-tl, [gm-u[, Igp-t[, 

IEp-u[, [gr-t[, ]Er-ul (6.1) 

where t and u are reciprocal vectors which satisfy 

h + k + l + t + u = 0  (6.2) 

but are otherwise arbitrary, so that again there are 
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